ALTERNATING-CURRENT PLANEVECTOR POTENTI-
OMETER MEASUREMENTS AT TELEPHONIC
FREQUENCIES.

By A. E. KENNELLY anxp EDY VELANDER.
(Read April 26, 1919.)

HisTorRY OF THE APPARATUS.

The measurements presented in this paper have been made in the
electrical engineering laboratories of the Massachusetts Institute of
Technology, with a new form of a.—c. planevector potentiometer,
giving its potential readings in rectangular codrdinates. This in-
trument lends itself readily to the measurement of vector potential
differences up to frequencies of at least 2,000~. The principle of
the potentiometer is the same as that described by Professor Larsen?
in 1910; but the present form of the instrument has been worked
out in the M. I. T. laboratories, mainly through the thesis studies of
Mr. A. E. Hanson.?

The essential connections of the instrument and its method of
application are outlined in Fig. 1. The anti-inductive resistance ab
is connected in series with the primary winding b¢, of a toroidal non-
ferric induction coil included in the main potentiometer'circuit 12
The secondary winding bd, of the induction coil, is connected at b
with the junction of the primary coil and the resistance. The sec-
ondary winding of the induction coil, and the resistance ab, are both
provided with suitable taps, which are brought out to dials, for ad-
justment of the potential connections at k and . When a sinusoidal
alternating current [, r.m.s. amperes /, from the oscillator source
O, at a suitable impressed frequency, passes through the potentiom-
eter circuit, the alternating p.d. between the taps £ and / will be

E,=I,(R+jX), rm.s.volts £ (1)
where R is the resistance included between k and b in ohms, while

1 Bibliography 9.
2 Bibliography 13.
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98 KENNELLY AND VELANDER—POTENTIOMETER

jX =jMo is the mutual reactance included between ! and b. M
denotes the mutual inductance between the primary winding and the
part bl of the secondary, and o ==2xf, is the angular velocity (in

,

F1c. 1. Simplified diagram of connections, showing the rectangular poten-
tiometer P arranged for exploration of the potential distribution over the
working circuit .

radians per second) of the impressed frequency f, in cycles per
second. ‘

The oscillator also supplies current to an associated working cir-
cuit W, containing the apparatus in which the distribution of plane-
vector® a—c. potential is to be explored. A tuned vibration gal-
vanometer, VG, enables a potential balance to be obtained between
a selected pair of terminals on the working circuit, and the adjust-
able taps on the potentiometer circuit, so as to secure the relation

Usp=1,(R+jX), ram.s. volts £  (2)

whereby the p.d. at the terminals, say 4 and B, can be evaluated in
terms of the calibrated constants R and X of the instrument, and
the measured potentiometer current /,, taken at standard phase. If,
however, another p.d., say Up, for instance, across a standard re-

83 A planevector may be defined as a geometrically directed complex
quantity in a plane of reference, and subject to the laws of complex arith-
metic, as distinguished from a vector which is subject to the laws of vector

arithmetic. In this paper the term “vector” is used as an abbreviation of
“ planevector.”
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sistance » ohms, as indicated at BC, in Fig. 1, is measured imme--
diately after U 45, we have

UL (R,+iX,), rms.volts £ (3)
Then

UAB R+]X
UEC Ry +JX0'

numeric £ (4)

In this way, the relative numerical values of the p.d.’s on differént
parts of the working circuit can be evaluated, preferably in terms of
the p.d. on a standard resistance, without requiring a measurement
of the potentiometer current /.

As thus far described, the instrument can only measure vector
p.d.’s confined to a single quadrant. By means of reversing switches,
however, on X and on the entire potentiometer, all four quadrants
in the voltage complex plane can be explored.

A more detailed description of the instrument, and of its mode
of operation, technique and limitations, appears in a paper by the
writers published* elsewhere ; so that only a brief outline of this part
of the subject will here be necessary, in order to present more fully
in this paper some of the results which have been secured with the
instrument, at telephonic frequencies, in the laboratory.

SiMPLE SERIES CIRCUIT OF RESISTANCE, INDUCTANCE AND CAPACI-
TANCE, AT CoNSTANT FREQUENCY AND VARIED CAPACITANCE.

In Fig. 2 the connections are shown of a simple working circuit
containing an inductance L of 0.8106 henry, a total resistance R of
3183 ohms, and an adjustable condenser C. Such a circuit may
briefly be described as a RLC circuit. The connections pp’ to the
potentiometer are also indicated. The inductance L was very loosely
coupled with the Vreeland oscillator Osc, and the oscillator fre-
quency was maintained at 500~.

With the condenser C shorted; i.e., made infinite, the poten-
tiometer reading on 100 ohms in r was the vector O4, as obtained
from rectangular codrdinates in R and — jX, viz. —22.5 —j176 mil-
livolts. This is indicated as a vector of 179.4 millivolts, at a slope

4 Bibliography 14.
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of —97°.2 with respect to the reference axis OR, which coincides
with the phase of the current I, in the potentiometer circuit.
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Fi1c. 2. Current locus, under constant impressed e.m.f. of 500~, of a
simple circuit containing inductance, resistance, and capacitance, the latter
béing varied from 0.03 #f. to .

As the capacitance in the condenser C was reduced, the vector
voltages at the terminals pp’ advanced along the locus APBDO,
which is seen to be a circle passing through the origin of coérdi-
nates R and jX.

It is easy to demonstrate that a circular locus must apply to the
current and therefore to the potential difference at pp’. The im-
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pedance in the working circuit of Fig. 2 is

Z=R—|—j(Lw—Z,I;) ohms £ (5)

If we keep », L and o constant, but vary C, the impedance will ad-
vance vectorially along a straight line parallel to the j axis, or react-
ance axis. This is shown in Fig. 3, where distances along the hori-
zontal real axis represent values of resistance R; while distances
along the j axis represent values of reactance. As the value of C
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Fic. 3. Planevector impedance locus of a simple RLC circuit in which the
capacitance is varied.

was changed from infinity to 0.03 X 107° farad, the vector value of
impedance moves along the straight line abde. The impedance Z
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therefore pursues a straight-line locus. The current in the work-
ing circuit will be

|Ew| <8
Z

Iy = amperes £ (6)
where |E,, | is the constant size of the induced e.m.f. in that circuit,
and B° is the angle of lag of that e.m.f. behind the current in the
potentiometer circuit, considered as of reference phase. This cir-
cuit happened, in this case, to be strongly condensive, owing to the
adjustment of the condenser C’ in Fig. 1. The angle of lag 8 is the
angle DOP in Fig. 2. In equation (6) the vector impedance Z
appears as a reciprocal, or in the denominator. It is well known
that the reciprocal of any vector straight-line locus is a circular
locus passing through the origin. The diameter of the circle through
the origin is also the reciprocal of the perpendicular distance from
the impedance origin to the impedance locus. Consequently, in
Fig. 2, with |E,,| =7.273 volts, the diameter OP, expressed in am-
peres, will be 7.273 X 1/3181.=o.002285 ampere, or 2.285 milli-
amperes, lagging 8° behind the phaée of the potentiometer current
OR. The measured p.d. across 100 ohms in the resistance R will
be 0.2285 volt, also lagging B°.

In reducing the capacitance of C from infinity to zero, the cir-
cular locus of potential across pp’ has nearly covered three quarters
of its entire circle. It is evident from a consideration of Fig. 3, that
if, with the condenser shorted, additional inductance could have been
inserted in the circuit, while retaining all other conditions constant,
the remainder 4O of the circular locus might also have been
traversed.

The use of the new potentiometer thus enables this circular
potential and current locus, at telephonic frequency, to be demon-~
strated observationally, instead of remaining on a purely abstract
mathematical basis.

SimPLE RLC CIRCUIT OF SHARPER RESONANCE.

Another example of varying the series capacitance in a simple
a.-c. circuit, but at a frequency of 2010~, is given in Fig. 4. Here
almost the entire circular locus of potential and current is covered
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by the observations, which, shown as round dots, lie close to the
circle OABD, except for an accidental wide unobserved gap between
0.019 and 0.022 microfarad. In this case, the resistance of the cir-
cuit was 250 ohms, and this relatively small resistance involves a
relatively large change in the vector impedance near resonance, com-
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Fic. 4. Current-locus for conditions similar to those of Fig. 2, but ap-
plying to a circuit of smaller resistance, and to an impressed frequency
of 2010~.

puted at 0.0214 microfarad, with a small change of capacitance. It
may be noted that in this case a change of 250 ohms in the condenser
reactance changes the vector current, from resonance, through 45°
difference of phase, or over a quarter of the circular locus. As the
resistance R in the circuit is reduced, a correspondingly smaller
change in reactance, from the resonant point, will produce this 45°
change in the vector current. An a.-c. potentiometer can thus
serve to measure a small capacitance with precision, by observing
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the vector change of current thereby produced in a sharply tuned
resonant circuit of low resistance, when the condenser is inserted or
removed. Other applications of the same principle will suggest
themselves.

SimpPLE RLC Circult wWiTH VARIATIONS MADE FIRST IN R ALONE,
AND THEN IN C ALONE.

An example of a simple RLC circuit, with successive variations
in resistance and capacitance, is presented in Fig. 5. Here the total
resistance in the circuit could be given different assigned values be-
tween 52 and 802 ohms. The capacitance could also be varied be-
tween infinity and 0.20 microfarad. The p.d’s were measured
across taps pp’, Figs. 2 or 4, and the current strengths determined
therefrom. The constant inductance in the circuit was 0.1 henry.
The frequency was 1006~ throughout. This produces resonance in
the circuit at C =0.25 microfarad.

If we plot the impedance of a RLC circuit, like that of Fig. 4, at
any constant frequency, we obtain an impedance diagram of the
type represented in Fig. 6. If we maintain constant resistance in
the circuit, such as #,=402 ohms, and vary only the capacitance,
the impedance locus will lie along the straight line AB. Such a
variation of impedance, substituted in equation (6), will, as we have
already seen, give rise to a circular current locus, the diameter of
the circle coinciding with the vector E of impressed e.m.f. If,
however, we keep the reactance constant, at some value such as
x,=—=7]316.2 ohms, Fig. 6, and vary the resistance, the vector im-
pedance will move over the straight-line locus DE. This vector
impedance, inserted in (6), will also give rise to a circular locus;
but the diameter of this circle will be in quadrature with the vector
of impressed e.m.f. In the particular case of resonance, where the
reactance is kept at zero, and the resistance is varied, the current
locus will be a circle of infinite radius; s.e., a straight line, coincid-
ing with the vector of impressed e.m.f. These results are brought
out experimentally in Fig. 5. It will be observed that with a capaci-
tance of 0.25 microfarad, the locus coincides with the straight line
OR. The vector impressed e.m.f. was so adjusted, by preliminary
tuning of the potentiometer circuit, as to coincide with this line.
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All of the circles of constant resistance have their centers on the
line OR, or axis of reals.
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Fic. 5. Graphs of vector current or vector admittance for a RLC circuit, in
which either R or C is varied alone.

In Fig. 5, the full lines are the theoretical loci and the small cir-
cles the actual potentiometer readings. Fig. 6 is obtained by inver-
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sion from Fig. 5, and shows the vector loci of impedance in the
circuit, the full lines being computed. The small circles indicate
the experimentally deduced results.
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F1c. 6. Graphs of vector impedance for a RLC circuit, in which either R or C
is varied alone.

DivipEp CircuiT WITH INDUCTANCE AND CAPACITANCE IN
PARALLEL.

If we take a simple RLC circuit, such as that shown in Figs. 2,
4 and 5, and shunt some part of the fixed inductance with an adjust-
able condenser, we obtain the connection diagram of Fig. 7a, where
the inductance coil /, separate from the oscillator secondary, is
shunted by the variable condenser ¢. Commencing with ¢==0, or
the condenser removed, the vector current in the circuit, as deduced
from the p.d. across the 10 ohm taps pp’, was the vector Ol=3.6
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-+ j13.6==14.07 £/ 75°.2 milliamperes, at 525~, Fig. 7b. As the
capacitance in the condenser ¢, Fig. 7a, is increased from o to in-
finity, the current locus goes over the circular path mip k, Fig. 7b.
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Fic. 7a. Circuit of inductance, resistance, and capacitance, where one part of
the inductance is bridged by a variable condenser c.
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Fic. 7b. Locus for the main current in the circuit of Fig. 7a, the con-
denser ¢ being varied from o to ®, and the impressed e.m.f. being maintained
constant, at 525~.

The phase of the e.m.f. induced in the coil L, Fig. 7a, is represented
by the vector Ok, Fig. 7b.
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The circular graph of Fig. 7b is a current locus to OR as stand-
ard current phase. The same graph may, however, be regarded as

F1c. 7¢. Vector circular loci of main and branch currents in the circuit of
Fig. 7a, as the condenser ¢ is varied.

an admittance locus to Ok as standard admittance phase, if we
change the scale of codrdinates accordingly, since

I

= ohms £ (%)

Y=%

and E is the e.m.f. in the circuit, 3. 744 £ 19°.4 volts, which was kept
constant both in size and in slope during the observations. If, re-
garding Fig. 7b as an admittance graph to the proper scale, we take
the reciprocals of successive vector values, we obtain therefrom an
impedance graph which must also be circular, according to the theory
of geometrical inversion. Fig. 8 shows the vector impedance graph
so obtained. It represents the vector impedance in the main circuit
of Fig. 7a when the condenser ¢ is varied. At ¢= o0, the vector
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impedance is OM =464.7 <" 74°.25. At c¢=o0, the vector impe-
dance is OL=266.2 | 55°.6 ochms. The angle mol in Fig. 7b is
the same (19°) as the angle MOL in Fig. 8. As ¢ is increased from
c=0 to ¢= 0, the vector impedance pursues the wide circle
LPGM.
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Fic. 8. Locus diagram obtained by inversion from Fig. 7, and showing the
variation of total main-circuit impedance of the main-circuit of Fig. 7a.

The explanations for these interesting circular graphs of Figs.
7b and 8, appear step by step in Fig. 9. Fig. ga shows the vector
admittance of the /¢ combination in Fig. 7a, as taken between the
points gq’ in the main circuit. 0!, Fig. 9a, is the fixed admittance
of the coil /, Fig. 7a, at the constant impressed frequency of 525~ ;
namely 0.4656 — j4.343=4.369 X\ 83°.53' millimho. The admit-
tance of the condenser ¢ will be jcw. The vector sum of Ol and jco
will evidently lie on the straight line /m, as ¢ varies from o to .
The corresponding impedance of the l¢ combination, between points
@q’ in the main circuit, Fig. 7a, will be the vector reciprocal of the
straight line locus Im, Fig. ga, and must therefore be a circle, as has
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been already pointed out. The impedance of the combination will
vary over the circle LUSM, Fig. gb, from OL with c==0to OM =0
with c=c. The diametral maximum impedance OR or 2147
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tance of ! and ¢ in par-  allel as ¢ is varied from zero to infinity. Vector
allel as ¢ is varied from inversion of Fig. ga.
zero to infinity.

ohms, occurs at the value of ¢ (1.317pf) at which Ou, Fig. 9a, is
horizontal, and at which value the vector admittance in 9a has mini-
mum size. At this value of ¢, the admittance of the Ic combination
is a minimum, its impedance a maximum, and the p.d. at terminals
qq’ in phase with the main current. This condition occurs when
the susceptance of the condenser jco is equal and opposite to the
susceptance of the coil. Thus

PN SWSlon s M S s Te 2
T e T PHEe T AP i T8

mhos £ (8)
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so that

X lw I

AT — 5 2 9 2
lal f+lw lw-l—-r—
lew

b mhos. (g)

Consequently, at minimum admittance and maximum impedance,

I

‘w = 2 mhos  (10)
lo + "
or
I
c= 0 farads. (11)
lo? 4 7

It may be noted that the condition of maximum-impedance in the
lc combination, and which has been defined as “ parallel resonance,”
corresponding to zero total suscéptance, differs from the condition
of simple series resonance within the I¢ circuit, which occurs when
the total reactance is zero, or when

cw =i mhos. (12)
This condition is found in the diagram, Fig. ga, at the total vector
admittance os, when the cai)acitance in ¢ is 1.332 pf. This occurs
when the angle sol, Fig. 9, is 9o°, or when the angle uso is equal to
the angle #ol of the coil’s admittance. The angle sou is 6°.7, the
complement of %ol

In Fig. 9b, the impedance OS of the Ic combination is that which
is presented at series resonance. It has the value 2135 \ 6°.7
ohms. The angle SOU is the same as the angle sou. At the ca-
pacitance ¢ = 1.317 uf., the p.d. at g¢’, on the lc combination, will
be in phase with the main current.

If we increase the impedances of Fig. 9b by the fixed impedance
in the remainder of the circuit, Fig. 7a, we obtain the total circuit
impedance as shown in Fig. gc, whiere OM’ is the vector impedance
126 — j447.3=1464.7 \ 74°.16'. If we add to this fixed impedance,
OM’, the vector circle LUS of Fig. gb, we obtain the resultant vec-


































































